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ABSTRACT
The non-minimal coupling of a scalar eld is considered in the frame-
work of Ashtekar’s new variables formulation of gravity. A rst order ac-
tion functional for this system is derived in which the eld variables are
a tetrad eld, and an SL(2,C) connection, together with the scalar eld.
The tetrad eld and the SL(2,C) connection are related to the Ashtekar
variables for the vacuum case by a conformal transformation. A canon-
ical analysis shows that for this coupling the equations of Ashtekar’s
formulation of canonical gravity are non-polynomial in the scalar eld.
PACS: 04.20.Cv, 04.20.Fy, 02.40.+m
Ashtekar has shown that a convenient set of coordinates for the phase space of
general relativity is given by the spatial self-dual spin connection, and the spatial
triad, its conjugate momentum [1].
The main advantage of this choice of coordinates is that the equations of canon-
ical vacuum general relativity take a simpler form than in the conventional ADM
coordinatization. In particular, the equations turn out to be polynomial in the eld
variables. The price to pay is that the use of self-dual variables implies the use of
complex variables, for a space-time of lorentzian signature. Therefore one needs to
impose reality conditions a posteriori. The price is not too high however. One can
show that the reality conditions can be put in polynomial form [2].
An important issue is to check if the key features of this approach for vacuum
general relativity survive the coupling to matter elds. This question has been
addressed for matter eld couplings of spin 1/2 and 3/2 by Jacobson [3, 4], and
systematically for all physical matter eld couplings by Ashtekar, Romano, and
Tate [5]. The conclusion of these investigations is that in fact also in presence of
matter couplings the canonical equations remain polynomial in the phase space
variables, which now include the matter elds.
In this note, we consider a formulation of the Ashtekar type of the non-minimal
coupling of a scalar eld to gravity via a term of the form ξRφ2, where ξ is a
dimensionless constant, R the curvature scalar, and φ the scalar eld. Even if
absent at the classical level, in general a term of this form will be induced by the
quantization of an interacting scalar eld in a curved background (see e.g. [6]). To
our knowledge, this matter coupling has not been considered before in this context.
(The consequences of the presence of such a coupling in the ADM framework have
been studied recently by Kiefer [7].)
We nd that this matter coupling can be described by a rst order formalism
which uses as eld variables a tetrad eld, and an SL(2,C) connection, together
with the scalar eld. The tetrad eld and the SL(2,C) connection turn out to be
related to the analogous vacuum quantities by a scalar eld dependent conformal
transformation. A canonical analysis shows that this coupling gives eld equations
that are non-polynomial in the eld variables. In particular, the equations turn
out to be non-polynomial in the scalar eld. The non-polinomiality is due to the
presence of the curvature scalar in the coupling.
The methods used in this paper are a natural generalization to this particular
coupling of the ones used in the vacuum case, and for other matter couplings.
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Although we cannot exclude the possibility of the existence of other strategies
which may give dierent results, no such alternative method is apparent.
To conclude these introductory remarks, we note that our analysis can be easily
extended to gravity theories of the Jordan-Brans-Dicke type, and to the dilaton
coupling, which emerges in the low energy limit of string theory, reaching the same
conclusions. For concreteness, in the paper only the case of a non-minimally coupled
scalar eld will be treated.
This paper is organized as follows. We start by deriving, in two equivalent
ways, a rst order Palatini-type action for a system composed of gravity and a
non-minimally coupled scalar eld in the same spirit as the action for vacuum
general relativity of Refs. [8, 9]. We take as eld variables a tetrad eld, and an
SL(2,C) connection. Next, we perform a canonical analysis of this action functional,
and we derive the hamiltonian for this system.
In our conventions we follow Ref. [5]. The space-time metric has signature
(− + ++). Lower case latin letters denote space-time (or spatial) indices. Upper
case latin letters denote SL(2,C) indices. They are raised and lowered using the
anti-symmetric symbol AB, and its inverse, according to the rules λ
A = ABλB,
λA = λ
BBA. We set c = G = 1.




d4xfRp−g − 8pip−g [ gab∂aφ∂bφ + (m2 + ξR)φ2]g, (1)
where ξ is a constant, and for the sake of simplicity we are neglecting boundary
terms.
We want to obtain a rst order action functional equivalent to (1), in which the
eld variables are a tetrad eld, and an SL(2,C) connection. The diculty is given
by the fact that we have a derivative coupling. It is clearly not sucient just to
consider the connection as an independent eld variable.
Two strategies are natural. In the rst, one uses the trick of a scalar eld
dependent conformal transformation on the space-time metric. This brings the
action (1) to a form in which there is no derivative coupling. The second strategy
is analogous to the one used to avoid the torsion that occurs in the Einstein-
Cartan theory of gravity. The connection in (1) is considered as a eld variable
to be varied independently. The eld equation for the connection is then solved
for the connection itself. This yields an extra term in addition to the usual metric
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connection. When the solution is substituted back in the action one nds an extra
term that does not involve derivatives of the metric. By subtracting this term from
the initial action functional one obtains the desired rst-order action. This turns
out to be equal to the one obtained using the rst strategy. Since this fact does
not seem evident a priori, both strategies will be described.




where the conformal factor is a function of the scalar eld dened by
Ω2 := 1− 8piξφ2. (3)







−g^[g^ab∂aφ∂bφ + Ω−4m2φ2]g, (4)
where we use a hat to denote quantities costructed from g^ab, and we have dened
the quantity
 := Ω−2[1 + 48piΩ−2ξ2φ2]. (5)
Note that we need to assume that the scalar eld conguration must be such that
Ω2 6= 0. This is necessary for (1) and (4) to yield equivalent eld equations. With
this caveat, the use of the conformal metric (2) removes the diculty of a derivative
matter coupling.
It is now straightforward to write down a rst order action functional equivalent
to (4), since (4) is in the form of a minimally coupled scalar eld (see e.g. Ref.
[9]). We take as eld variables the tetrad eld σ^aAA′, related to the conformally
transformed metric by g^ab = σ^aAA′σ^
bAA′, and an SL(2,C) spin connection ÂaA
B,





In terms of these variables, an action functional equivalent to (4) is
S[σ^, Â, φ] =
∫
d4xf((4)σ^)σ^aAA′ σ^bBA′F̂ abAB+4pi((4)σ^)[g^ab∂aφ∂bφ+Ω−4m2φ2]g, (6)
where ((4)σ^) denotes the determinant of σ^a
AA′ . The ÂaA
B equation of motion
identies ÂaA
B as the self-dual part of the spin connection compatible with σ^aAA′ .
When this solution is substituted back in (6), one recovers (4).
A dierent, and equivalent, strategy is to let
p−gR(gab) ! −2((4)σ)σaAA′σbBA′F̂ abAB(Â)
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in the action (1). This gives
S[σ, Â, φ] =
∫
d4xf((4)σ)Ω2σaAA′σbBA′F̂ abAB(Â) + 4pi((4)σ)[gab∂aφ∂bφ + m2φ2]g,
(7)
where Ω is dened in (3). Varying this action with respect to ÂaA
B, and solving









B is the self-dual part of the spin connection compatible with σa
AA′ , with
curvature RabA
B. When this solution is substituted back in the action, one obtains,




+ 4pi((4)σ)[gab∂aφ∂bφ + m
2φ2]− 3(8piξφΩ−1)2((4)σ)gab∂aφ∂bφg. (9)
The last term in this action was not present in the initial second order action (1).
What one can do is subtract it o from the initial action (7). This results again in
the action (6).
We turn now to the canonical analysis. We consider a space-time that is globally
of the form R.  is a three dimensional hypersurface. For simplicity  is chosen
to be compact.




















−1( _φ− N̂a∂aφ)2 + N̂˜˜^σ
2
Ω−4m2φ2]. (10)
Here ˜^σaAB is the (densitized) spatial triad, i.e. ˜^σaAB := (σ^)σ^aAB, with the spatial
metric given by q^ab = σ^aABσ^
bAB, and σ^ the determinant of σ^a
AB. N̂˜ is the (den-
sitized) lapse function, N̂˜ := (σ^)−1N̂ , and N̂
a
the shift vector. With an abuse of
notation, Âa
AB denotes now the spatial part of the SL(2,C) connection. (Recall
that hatted quantities refer to the conformally transformed metric (2).)
The \gravitational part" of (10) is already in explicit canonical form. We need
to reduce to canonical form the \scalar eld part". The momentum conjugate to
φ is dened by
p := ∂L/∂ _φ = −8piN̂˜
−1( _φ−Na∂aφ). (11)
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+ 4pi˜^σaAB ˜^σbAB∂aφ∂bφ + 4piσ^2Ω−4m2φ2) + N̂ap∂aφ]. (13)
The conguration variables are Âa
AB, and the scalar eld φ, with conjugate mo-
menta ˜^σaAB, and p, respectively. The variables Â0AB, N̂˜, N̂
a
play the role of La-
grange multipliers, enforcing the constraints corresponding to local gauge freedom,
and dieomorphism invariance. The variables fÂaAB, ˜^σaABg are related to the
Ashtekar’s coordinates for vacuum canonical gravity by a conformal transforma-
tion.
The hamiltonian is not polynomial in the scalar eld φ because of the presence
of the scalar eld dependent function  in the denominator of the term involving
p2. However, the hamiltonian is polynomial in the canonical pair fÂaAB, ˜^σaABg.
As long as Ω 6= 0, this implies that as for other matter couplings, the phase space
of this system can be extended to include also degenerate metrics.
If additional non-derivative matter eld couplings are present, our analysis is
extended by simply adding the appropriate powers of the scalar eld dependent Ω,
wherever the space-time metric appears. For derivative couplings, e.g. spin 1/2,
one would need to redo the covariant analysis. In both cases, additional matter
elds would not modify our results.
The methods used in this paper apply also to theories of the Jordan-Brans-
Dicke type, and to the dilaton coupling. For these systems, it is always possible to
nd a conformal transformation of the space-time metric which brings the action
to the form (4), for some eld dependent function . The analysis parallels the
one given here, and the same type of non-polynomiality in the scalar eld appears
at the canonical level.
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